This paper introduces and surveys the theory of Malcev presentations. [Malcev presentations are a species of presentation that can be used to define any semigroup that can be embedded into a group.] In particular, various classes of groups and monoids all of whose finitely generated subsemigroups admit finite Malcev presentations are described; closure and containment results are stated; links with the theory of automatic semigroups are mentioned; and various questions asked. Many of the results stated herein are summarized in tabular form.
Introduction
A Malcev presentation is a presentation of a special type for a semigroup that embeds in a group. Informally, a Malcev presentation defines a semigroup by means of generators, defining relations, and the unwritten rule that the semigroup so defined must be embeddable in a group. This rule of group-embeddability is worth an infinite number of defining relations, in the sense that a semigroup may admit a finite Malcev presentation but no finite 'ordinary' presentation. Spehner [31] introduced Malcev presentations, though they are based on Malcev's necessary and sufficient condition for a semigroup to be embeddable into a group [22] . Spehner exhibited an example of a finitely generated submonoid of a free monoid that admitted a finite Malcev presentation but which was not finitely presented. He later showed that all finitely generated submonoids of free monoids have finite Malcev presentations [32] . Until the recent work of Cain, Robertson & Ruškuc [12, 11, 10, 8, 9 ], Spehner's two articles represented the whole of the literature on Malcev presentations.
The aim of this survey is to introduce the theory of Malcev presentations and summarize both Spehner's work and the recent progress in the field, and to state and speculate about currently open questions. Section 2 defines Malcev presentations and establishes their basic properties. Section 3 discusses Malcev presentations for finitely generated subsemigroups of virtually free and virtually nilpotent groups. Sections 4, 5, and 6 do the same for free products, direct products, and Baumslag-Solitar semigroups and groups. Section 7 describes a link between the theory of Malcev presentations and the active area of automatic semigroups. The interaction of Malcev presentations with subsemigroups and extensions of finite 
Fundamentals
A loose definition of a Malcev presentation was given in Section 1: the semigroup defined by a Malcev presentation has the given generators, satisfies the given defining relations, and is embeddable into a group. The first task is to formalize this notion. The second is to state the syntactic rules that determine when two words represent the same element of the semigroup defined by the presentation. These rules are more complex than the corresponding ones for 'ordinary' semigroup presentations.
This section assumes that the reader is familiar with the theory of semigroup presentations; for the necessary background, see [28] .
First of all, some information is required about universal groups: if S is a semigroup that embeds in a group, then the universal group U of S is the largest group into which S embeds and which it generates, in the sense that all other such groups are homomorphic images of U . Alternatively, the universal group of S is the group defined by treating any semigroup presentation for S as a group presentation. (Actually, universal groups are defined for all semigroups, not just those embeddable into groups. For the formal definition of universal groups of semigroups, and for further information on the subject, see [15, Chapter 12] .)
Let S be a subsemigroup of a group G, and let H be the subgroup of G generated by S. In general, H is not isomorphic to the universal group U of S; see [8, Example 0.9.2]. The subgroup H will, however, be a homomorphic image of U .
The free semigroup with basis A is denoted by A + ; the free monoid with the same basis by A * . Identify A + with the set of non-empty words over the alphabet A and A * with the set of all words over A.
Let A be an alphabet representing a set of generators for a semigroup S. For any word w ∈ A + , denote by w the element of S represented by w. For any set of words W , W is the set of all elements represented by at least one word in W . Definition 2.1 Let S be any semigroup. A congruence σ on S is a Malcev congruence if the corresponding factor semigroup S/σ is embeddable in a group.
If {σ i : i ∈ I} is a set of Malcev congruences on S, then σ = i∈I σ i is also a Malcev congruence on S. This is true because S/σ i embeds in a group G i for each i ∈ I, so S/σ embeds in i∈I S/σ i , which in turn embeds in i∈I G i . The following definition therefore makes sense. Definition 2.2 Let A + be a free semigroup; let ρ ⊆ A + × A + be any binary relation on A + . Denote by ρ M the smallest Malcev congruence containing ρ -namely,
Then SgM A|ρ is a Malcev presentation for [any semigroup isomorphic to] A + /ρ M . If both A and ρ are finite, then the Malcev presentation SgM A | ρ is said to be finite.
The notation SgM A | ρ distinguishes the Malcev presentation with generators A and defining relations ρ from the ordinary semigroup presentation Sg A | ρ , which defines A + /ρ # . (The smallest congruence containing ρ is denoted by ρ # .) Similarly, Gp A | ρ denotes the group presentation with the same set of generators and defining relations. Let X be a subset of a group G. Denote by Sg X the subsemigroup generated by X and by Gp X the subgroup generated by X.
Fix A + and ρ as in the Definition 2.2 and let S = A + /ρ M . Let A L , A R be two sets in bijection with A under the mappings a → a L , a → a R , respectively, with A, A L , A R being pairwise disjoint. Extend the mappings a → a L , a → a R to anti-isomorphisms from A * to (A L ) * and (A R ) * , respectively. Let
or equivalently that
Therefore, two words u, v ∈ A + represent the same element of S if and only if there is a sequence
with n ≥ 0, where, for each i ∈ {0, . . . , n−1}, there exist
In fact, it can be shown that u, v ∈ A + represent the same element of S if any only if there exists such a sequence with p i ∈ (A ∪ A L ) * and r i ∈ (A ∪ A R ) * . This restriction on the letters that can appear in p i and r i simply means that no changes can occur to the left of an a L or to the right of an a R . Such a sequence is called a Malcev ρ-chain
[The reader should be aware of disagreement between various authors [1, 15, 31] 
and let S be the subsemigroup of F generated by A. Elementary reasoning shows that S has presentation Sg A | R , where
The elements ab α = x 2 yz(yz) α and b α c = (yz) α yx 2 have unique representatives over the alphabet A. Therefore no valid relations hold in S that can be applied to a proper subword of ab α c. Each of the words ab α c must therefore appear as one side of a defining relation in a presentation for S on the generating set A. The semigroup S is thus not finitely presented.
However, S has a finite Malcev presentation SgM A | Q , where
Each defining relation in R is a Malcev consequence of the two defining relations in Q -that is, R ⊆ Q M . One can easily prove this by induction on α: assume that, for β < α, the relations (ab β c, de
(by the induction hypothesis)
and so (ab α c, de α f ) ∈ Q M .
Malcev coherent groups & monoids
Recall that a group is coherent if all of its finitely generated subgroups are finitely presented [29] .
Definition 3.1 A group -or more generally a group-embeddable semigroup -is Malcev coherent if all of its finitely generated subsemigroups admit finite Malcev presentations.
As the universal group of a group is simply that group itself, it follows from the properties of Malcev presentations described in Section 2 that every Malcev coherent group is coherent. Example 2.3 illustrates a finitely generated subsemigroup of a free semigroup that admits a finite Malcev presentation. Spehner proved that the same is true of all such subsemigroups: This result, together with examples in Spehner's earlier paper [31] , formed the whole of the theory of Malcev presentations in early 2003. Since then, a great deal of progress, surveyed in the remainder of the present article, has been made.
As part of a wider investigation into subsemigroups of free and virtually free groups [12, 11] [Recall that a group is virtually P if it contains a finite-index subgroup with property P.] The proof of Theorem 3.3 in [12] relies on the fact that virtually free groups have context-free word problem [24] . A second proof uses Theorem 7.1.
The Malcev coherence of abelian groups is an immediate consequence of Rédei's Theorem [25] , which asserts that all finitely generated commutative semigroups are finitely presented. A more general result holds: [Rédei's Theorem does not extend to nilpotent groups: finitely generated subsemigroups that do not admit finite presentations can be found inside nilpotent groups. For example, let G be the Heisenberg group Gp x, y, z | (yx, xyz), (yz, zy), (zx, xz) , which is nilpotent of class 2. The subsemigroup S = Sg x, y of G is finitely generated but not finitely presented [11, Example 4.5] .] Nilpotent-by-finite groups have a special property: the subgroup generated by a subsemigroup of such a group coincides with the universal group of that subsemigroup. [Recall that this is not generally true: the subgroup envelope may be a proper homomorphic image of the universal group.] Thus the coherence of nilpotent-by-finite groups implies their Malcev coherence.
Free products
Free groups and abelian groups are coherent; the free product of a free group and an abelian group is therefore coherent by the Kurosh Subgroup Theorem. Free groups are Malcev coherent by Theorem 3.3; abelian groups by Theorem 3.4. One therefore naturally asks whether the free product of a free group and an abelian group is Malcev coherent, and more generally whether the class of Malcev coherent groups is closed under free products. The following example answers this question negatively:
Example 4.1 ([11, Section 7]) Let F be the free product FG(x, y, z, s, t) * (Z × Z × Z). Identify elements of F with alternating products of elements of the free group FG(x, y, z, s, t) (viewed as reduced words) and of Z × Z × Z (viewed as triples of integers).
Let A = {a, b, c, d, e, f, g, h, i, j} be an alphabet, and let this alphabet represent elements of F in the following way:
Let S be the subsemigroup of F generated by A.
Elementary but tedious reasoning shows that the semigroup S is presented by Sg A | R , where
The universal group of the semigroup S is U = Gp A | R , which is simply the amalgamated free product
where K ≃ Gp ab α cd α e, α ∈ N ∪ {0} ≃ Gp f g α hi α j, α ∈ N ∪ {0} . Using the elementary theory of free groups (see, for example, [21, Section I.2]), one can show that the amalgamated subgroup K is not finitely generated. A theorem of Baumslag [5] then shows that U is not finitely presented. Since a Malcev presentation for S is simply a presentation for U , the semigroup S cannot admit a finite Malcev presentation.
This example yields several important results. Observing that free groups and abelian groups are Malcev coherent by Theorems 3.3 and 3.4 produces the first result:
Theorem 4.2 The class of Malcev coherent groups is not closed under forming free products.
The Kurosh Subgroup Theorem implies that the class of coherent groups is closed under forming free products. Consequently, the free product of a free group and an abelian group is coherent. Therefore F is an example of a coherent group that is not Malcev coherent. Although the free product of a free group and an abelian group is not in general Malcev coherent, if one replaces the free group with a free monoid, one recovers Malcev coherence: 
Direct products
The direct product of two free non-abelian groups is not coherent; see [18] . However, this does not preclude the possibility that the direct product of two free semigroups is Malcev coherent. However, it is possible to construct an example that proves otherwise. Since any polycyclic group that is not virtually nilpotent admits a free subsemigroup of rank 2 [27, Theorem 4.12], and since the class of polycyclic groups is closed under forming direct products, the following important corollary is established: 
Baumslag-Solitar semigroups and groups
Baumslag & Solitar [7] introduced groups with presentations of the form
where m and n are natural numbers. Denote by BSG(m, n) the Baumslag-Solitar group presented by (2) . Analogously, the Baumslag-Solitar semigroups are those semigroups
where m, n ∈ N.
The Baumslag-Solitar groups are known to be coherent [20] . The question of their Malcev coherence has not yet been settled (see Problem 6.2). However, the following, more specialized, result has been established: 
Links with automatic semigroup theory
The concept of an automatic structure has been generalized from groups [17] to semigroups [14] . Automatic groups are always finitely presented [17, Theorem 2. This theorem has proven to be a very useful tool: it is sometimes easier to prove that all finitely generated subsemigroups of a particular group or semigroup are automatic or asynchronously automatic than to attempt to prove Malcev coherence directly. Theorems 4.4 and 6.1 were originally proven in this way, and Theorem 3.3 can also be proven thus [9, Section 6].
8 Large subsemigroups and small extensions Definition 8.1 Let S and T be semigroups with T being contained in S. The Rees index of T in S is |S − T | + 1. If this Rees index is finite, then the semigroup S is a small extension of T , and the semigroup T is a large subsemigroup of S.
Many properties of semigroups are known to be preserved under constructing small extensions or passing to large subsemigroups. Finite generation is such a property [13] , as is automatism [16] . Ruškuc [19, Theorem 1.1] showed that finite presentability is also thus preserved. Anyone familiar with Malcev presentations will therefore ask whether the property of admitting a finite Malcev presentation is preserved under taking large subsemigroups or small extensions. Such preservation does indeed occur: 
Précis
The purpose of the present section is to gather and summarize the examples and results for the purposes of reference and comparison. Three tables contain the various data:
• Table 1 summarizes the closure of the classes of coherent and Malcev coherent groups under free product, finite extension, and direct product.
• Table 2 compares the Malcev coherence of groups satisfying various properties P, virtually P groups, and direct products of these groups with free groups.
• Table 3 
